Abstract. We consider the degrees of those irreducible characters of a group G whose kernels do not contain a given normal subgroup N . We show that if N ⊆ G and N is not perfect, then the common-divisor graph on this set of integers has at most two connected components. Also, if N is solvable, we obtain bounds on the diameters of the components of this graph and, in the disconnected case, we study the structure of N and of G.
Introduction
Let G be a finite group. As usual, we write cd(G) = {χ(1) | χ ∈ Irr(G)} to denote the set of degrees of the irreducible characters of G. A great deal is known about how properties of this set reflect information about the structure of G, especially when G is solvable. One way to study the connections between cd(G) and the normal structure of G was introduced in [4] , and that is the approach we take here. The idea of that paper was to focus on the relative degree sets, which, as we will explain, are certain subsets of cd (G) . If N G, we define cd(G|N ) = {χ(1) | χ ∈ Irr(G|N )}, where Irr(G|N ) = {χ ∈ Irr(G) | N ⊆ ker(χ)}. In other words, the relative degree set cd(G|N ) is the set of degrees of those irreducible characters of G whose kernels do not contain N .
The study of relative degree sets has proved to be fruitful. Not only does it yield some interesting results about these sets, but significantly, it can also provide a tool for studying the full set cd(G). For example, in [4] we considered connections between the derived length of a solvable normal subgroup N G and the cardinality of the set cd(G|N ). That study led to a much simplified proof of the result of S. Garrison [1] , which asserts that if G is solvable and | cd(G)| = 4, then the derived length of G is at most 4.
In this paper, we generalize to the relative case some known results about the character degree graph G(G) of a finite group. Recall that if Z is an arbitrary set of positive integers, then the common-divisor graph on Z has vertex set Z, and distinct vertices m and n are joined if they have a nontrivial common divisor. By definition, the character-degree graph G(G) of G is the common-divisor graph on the set cd(G) of irreducible character degrees. Alternatively, we could consider the closely related prime graph on the set cd(G). (The vertices of the prime graph on a set Z of positive integers are the prime divisors of the members of Z, and distinct vertices p and q are joined if pq divides some member of Z.) The prime graph and the common divisor graph encode overlapping information about an integer set Z, and so for many purposes, the choice of which graph to use is a matter of taste and convenience. Although the literature on this subject seems to refer more often to the prime graph on cd(G), we prefer the common-divisor graph, and we will use that consistently in this paper.
The degree graph G(G) always has the "trivial" component, consisting of just the number 1, and it is reasonable to ask how many other connected components this graph can have. The answer to this question for solvable groups is, perhaps, the oldest known result about degree graphs: If G is solvable, then G(G) has at most two nontrivial connected components. (What is essentially this theorem was first proved by O. Manz in [7] .) Here, we generalize this to the relative degree graph G(G|N ), where N G. (This is the common divisor graph on the relative degree set cd(G|N ).) Note that if N ⊆ G , then 1 ∈ cd(G|N ), and so in this case, there is no trivial component.
Theorem A. Let N G and assume that N < N ⊆ G . Then G(G|N ) has at most two connected components. Furthermore, if the graph is not connected, then all of the degrees in one component are coprime to |N : N |, while all of the degrees in the other component are divisible by every prime divisor of |N : N |.
If G is solvable but not abelian, we can take N = G in Theorem A and we conclude that G(G|G ) has at most two components. Since cd(G|G ) is exactly the set cd(G) − {1}, we recover Manz's result.
If G(G) has two nontrivial components, then a great deal can be said about the structure of G. In this situation, for example, the Fitting height of G is at most 4, and in fact, the Fitting height of G is at most 3. (See Theorem 19.6 of [8] and its proof.) But much more is known, and indeed, M. Lewis has completely classified the solvable groups G for which G(G) has two nontrivial components. Also, both P. Pálfy and J. Zhang have independently obtained detailed information about this case. (See [5] , [10] and [12] .) Although we are far from a complete classification in the relative case, we do have the following analog of the bound on the Fitting height.
Theorem B. Let N G, where N is solvable and N ⊆ G . If G(G|N ) is not connected, then the Fitting height of N is at most 3. Also, either N is nilpotent or there is an abelian normal subgroup of G that has index 2 in G .
It appears likely that G must be solvable in the situation of Theorem B. (To be precise, we are assuming that N G, N ⊆ G , N is solvable and G(G|N ) is not connected.) Although we have not been able to prove this in general, we do have the following theorems, which give a great deal of information about this situation. In particular, we see from these results that to prove that G is solvable, it suffices to consider the case where N is a nonabelian p-group.
Theorem C. Let N be an abelian p-group, where N G and N ⊆ G , and let P ∈ Syl p (G). If G(G|N ) is not connected, then all of the following occur:
(a) P G. A great deal is known about the diameters of the connected components of character-degree graphs. It is comparatively easy, for example, to prove that if G(G) has two nontrivial components, then each of these components has diameter at most 2, and recently, J. McVey [9] has shown that if G(G) has just one nontrivial component, then its diameter is at most 3. It seems reasonable to try to generalize McVey's result by showing under the usual hypotheses, where N G, N is solvable and N ⊆ G , that if G(G|N ) is connected, then its diameter is at most 3. We can at least prove the following.
Theorem E. Let N G, where N ⊆ G and N is solvable. If G(G|N ) is not connected, then one component is a complete graph (and so has diameter at most 1) and the other component has diameter at most 2. If the graph is connected, then its diameter is at most 4 and if N is nilpotent, the diameter is at most 3.

Preliminary results
In this section, we present some basic facts about the relative degree set cd(G|N ), where N G. If θ ∈ Irr(N ), we use the standard notation Irr(G|θ) to denote the set of irreducible characters of G that lie over θ. (These, of course, are just the irreducible constituents of the induced character θ G .) We note that Irr(G|N ) is exactly the union of the sets Irr(G|θ) as θ runs over all nonprincipal irreducible characters of N .
To state our first result, we recall that if χ is an arbitrary character of a group X, then det(χ) is the unique linear character of X constructed by taking the determinant of some representation of X that affords χ. We recall also that if π is a set of primes and g is an arbitrary element of a finite group, then there is a unique factorization g = ab, where a is a π-element, b is a π -element and a and b commute. As usual, we refer to a and b as the π-part and π -part, respectively, of g. In particular, since the set of linear characters of a group X forms a group, we can speak of the π-part and π -part of a linear character.
(2.1) Lemma. Let θ ∈ Irr(N ), where N G, and let α be the π-part of the linear character det(θ). If the set Irr(G|θ) contains some character χ having π -degree, then α is extendible to the stabilizer G θ of θ in G. In fact, α has an extension to G θ whose order is a π-number.
Proof. Let η ∈ Irr(G θ |θ) be the Clifford correspondent of χ with respect to θ. (See Theorem 6.11 of [3] .) Then η G = χ, and so η(1) divides χ(1) and η(1) is a π -number. We can thus replace G by G θ and χ by η, and so we can assume that θ is invariant in G. In particular, we have χ N = eθ, where e is a π -number. Let δ = det(θ) and write δ = αβ, where β is the π -part of δ. Let σ = det(χ) and note that σ N = δ e . Writing σ = µν, where µ is the π-part of σ and ν is the π -part of σ, we see that α e β e = δ e = µ N ν N . The orders o(α e ) and o(β e ) divide o(α) and o(β), and so they are respectively a π-number and a π -number, and also, o(µ N ) and o(ν N ) divide o(µ) and o(ν), and so these too are respectively a π-number and a π -number. But the decomposition of δ e into a π-part and a π -part is unique, and therefore α e = µ N . Now e is a π -number, and so is coprime to the π-number o(α). It follows that there exists an integer f so that ef ≡ 1 mod o(α), and we have (µ Proof. Apply Lemma 2.1 with θ = λ, where π is the set of prime divisors of o(λ).
Then λ is the π-part of λ = det(λ), and the result follows.
If N G and θ ∈ Irr(N ), we write cd(G|θ) = {χ(1) | χ ∈ Irr(G|θ)}. 
Proof. If θ is nonlinear, we can take p be any divisor of θ(1) and if θ is not invariant in G, it follows by the Clifford correspondence that we can take p to be any prime divisor of |G : G θ |. We can assume, therefore, that θ is linear and that it is invariant in G.
Since θ is linear and nonprincipal, we see that o(θ) = 1, and so we can choose p to be a divisor of o(θ). Let λ be the p-part of det(θ) = θ, so that λ is nonprincipal. If some member of cd(G|θ) fails to be divisible by p, then it follows by Lemma 2.1 that λ extends to G θ = G. If we let µ be an extension of λ to G, then λ = µ N = 1 N , where the second equality holds because µ is linear and N ⊆ G . This is a contradiction, and we conclude that p divides every member of cd(G|θ), as required.
As an application of what we have done so far, we obtain our first result about the graph G(G|N ). Proof. It suffices to show that d(m, n) ≤ 3, where m, n ∈ cd(G|N ) are arbitrary. Let α, β ∈ Irr(N ) lie under characters in Irr(G|N ) with degrees m and n, respectively, and note that α and β are nonprincipal. Since N = U ×V , we can write α = α 1 ×α 2 and β = β 1 × β 2 , where α 1 , β 1 ∈ Irr(U ) and α 2 , β 2 ∈ Irr(V ).
Suppose first that α 1 and β 1 are both nonprincipal. Let τ ∈ Irr(V ) be nonprincipal and choose s ∈ cd(G|(α 1 × τ )) and t ∈ cd(G|(β 1 × τ )). Then m, s ∈ cd(G|α 1 ), and so m and s have a nontrivial common divisor by Corollary 2.3, and hence they are either equal or joined in G(G|N ). Similarly, n, t ∈ cd(G|β 1 ), and so n and t are equal or joined in G(G|N ). Also s, t ∈ cd(G|τ ), and so s and t are either equal or joined in G(G|N ). We see that in this case, the distance d(m, n) ≤ 3, as required.
We can now suppose that one of α 1 or β 1 is principal, and similarly, we can suppose that one of α 2 or β 2 is principal. By symmetry, we can assume that α 1 = 1 U , and thus since α = α 1 × α 2 is nonprincipal, we see that α 2 is nonprincipal, and thus β 2 = 1 V . Finally, since β = β 1 × β 2 is nonprincipal, we see that β 1 must be nonprincipal. Now choose s ∈ cd(G|(β 1 × α 2 )). Then m, s ∈ cd(G|α 2 ) and n, s ∈ cd(G|β 1 ), and since β 1 and α 2 are nonprincipal, we see by Corollary 2.3 that m and s have a nontrivial common divisor and that n and s also have a nontrivial common divisor. It follows in this case that d(m, n) ≤ 2, and the proof is complete. Perhaps it is worth noting that if N is a p-group in the situation of Corollary 2.5, then G(G|N ) need not be connected. In fact, examples exist for all primes p. To see this, let N be extra-special of order p 3 , where N has exponent p if p > 2 and N ∼ = Q 8 if p = 2. Let C be a cyclic group of prime order q = p that acts on N in such a way that C N (C) = Z(N ) and let G = N C be the semidirect product.
(Note that we can take q to be any prime divisor of p − 1 or p + 1.) It is not hard to see in this situation that cd(G|N ) = {p, q}, and thus G(G|N ) has two connected components.
We also have the following result, which is quite similar to Theorem 2.4.
is connected and has diameter at most 3.
Proof. As in the proof of Theorem 2.4, we show that d(m, n) ≤ 3, where m, n ∈ cd(G|N ) are arbitrary. Replacing K by K ∩G , we can assume that 1 < K ⊆ G and we let τ ∈ Irr(K) be nonprincipal. Choose α, β ∈ Irr(N ) lying under characters in Irr(G|N ) with degrees m and n, respectively, and let s ∈ cd(G|(α × τ )) and t ∈ cd(G|(β × τ )). Since α and β are nonprincipal, we see that s and t lie in cd(G|N ). Now m, s ∈ cd(G|α) and n, t ∈ cd(G|β), and thus d(m, s) ≤ 1 and d(t, n) ≤ 1 by Corollary 2.3. We can also apply Corollary 2.3 to s, t ∈ Irr(G|τ ), and the result follows.
Orbit sizes
Let G be an arbitrary finite group, and suppose that G acts on a finite abelian group A. In certain situations, we can obtain some useful information about the sizes of the G-orbits on A. We present part of a theorem of T. Yuster [11] and then a related lemma that applies under weaker hypotheses. (We have included a proof of Yuster's result for completeness and for comparison with the proof of our second lemma.) In the following, we will write A additively and for x ∈ A, we write x G to denote the G-orbit containing x. Now define the map T : A → A by T (a) = a t , where the sum runs over t ∈ G x , and observe that T is a homomorphism. Recall that G x G y = G, and so G x is transitive on the orbit y G . If a ∈ y G , it follows that T (a) is a multiple of the orbit sum, and thus T maps the set y G into C A (G). We conclude that T maps V = y G into C A (G), and so in particular, T (w) is fixed by G.
But |G x | and |A| are coprime, and it follows that w ∈ C A (G). Since G fixes w and L fixes c, we
, and in fact, equality holds here. To see this, note that if u ∈ U ∩ (V + x), we can write u = v + x, with v ∈ V . Then v = u − x ∈ U , and thus v ∈ U ∩ V = W and u = v + x ∈ W + x, as wanted. Since y ∈ V , we see that z = x + y ∈ V + x, and thus G z stabilizes the coset V + x. Of course, G z also stabilizes the G-invariant subgroup U , and thus G z stabilizes (V + x) ∩ U = W + x, and we conclude that G z ⊆ L.
We 
Proof. Write z = x + y and assume that the orbit sizes |x G | and |z G | are coprime. We work to show that x is invariant in G. Now |G : 
where k runs over K, and note that T (y) and T (z) are G-invariant since K is transitive on the G-orbits of y and z.
, and thus x ∈ C A (G) as required, since |K| and |A| are coprime.
When are the hypotheses of Lemma 3.2 satisfied? Suppose that we are in the situation where G acts on the abelian group A and we have elements x, y ∈ A in Gorbits of coprime size. In this situation, we know that if a subgroup 
The following is an application of Corollary 3.3 to the study of the relative degree graph G(G|N ). If we assume that G/N is solvable, then the proof of Theorem 3.4 becomes quite elementary because of the guaranteed existence of Hall subgroups. In order to prove the general case however, we need the following lemma, whose proof is an easy application of the Ito-Michler theorem. Unfortunately, however, the proof of the Ito-Michler theorem relies on the classification of simple groups. Proof. Letα ∈ Irr(G α ) be an extension of α and let θ ∈ Irr(G α /N ) be arbitrary. By Gallagher's theorem,αθ ∈ Irr(G α |α), and thus by the Clifford correspondence χ = (αθ) G lies in Irr(G|α). By hypothesis, therefore, θ(1)|G :
is a π-number, and thus |G : G α | is a π-number and θ(1) is a π-number for every choice of θ.
If q is a prime that is not in π, then no irreducible character of G α /N has degree divisible by q, and in this situation, the Ito-Michler theorem guarantees that G α /N has a normal abelian Sylow q-subgroup. It follows that G α /N has a normal abelian Hall π -subgroup A/N . Finally, since |G : G α | is a π-number, we see that A/N is actually a Hall π -subgroup of G/N , and the proof is complete.
Proof of Theorem 3.4. We can assume that m and n are coprime, and we seek a degree in cd(G|N ) that is coprime to neither m nor n. Let α, β ∈ Irr(N ) lie under characters in Irr(G|N ) with degrees m and n, respectively, and note that neither α nor β is principal. Also α(1) divides both m and |N |, and since these numbers are coprime, we see that α(1) = 1. Furthermore, the order of α divides |N |, which is coprime to m, and thus by Corollary 2.2, we see that α extends to its stabilizer G α . But N ⊆ G and α is linear, and so α does not extend to G and we conclude that G α < G. Similarly, β extends to G β < G.
Write a = |G : G α | and b = |G : G β |. Then a > 1 and b > 1 and also, since a divides m and b divides n, we see that a and b are coprime and that each of them is coprime to |N |. Now let π be the set of prime divisors of the members of cd(G|α). If n is not a π -number, then there exists a prime q dividing n and also dividing some number k ∈ cd(G|α). Then k and n are both divisible by q and also k and m are both divisible by a, and so we are done in this case. We can thus assume that n is a π -number, and thus b is a π -number. Similarly, we can assume that a is not divisible by any prime divisor of a member of cd(G|β).
By Lemma 3.5, we see that G α /N has an abelian Hall π -subgroup, and thus it has a Hall subgroup for the set of prime divisors of b and similarly, G β /N has a Hall subgroup for the set of prime divisors of a.
The group G/N acts on the abelian group A of linear characters of N , and we see that a and b are the sizes of the orbits of α and β, respectively. Now a > 1, b > 1 and a and b are coprime to each other and to |A|. Also, the appropriate Hall subgroups exist, and hence it follows from Corollary 3.3 that |G : G αβ | is not coprime to a or to b, and in particular, αβ is not the principal character. If k ∈ cd(G|αβ), therefore, then k ∈ cd(G|N ) and k is not coprime to either m or n. This completes the the proof.
Two components
We are now ready to begin work toward proving Theorem A. The following result is crucial. 
Proof. There is nothing to prove unless cd(G|M ) contains a p -number, and so we consider a nonprincipal character α ∈ Irr(M ) such that cd(G|α) contains a pnumber. Let ϕ ∈ Irr(N/M ) be nonprincipal and write u = |G : G ϕ |. We claim that some member of cd(G|α) is a multiple of u. Also, if u = 1, we claim that some member of cd(G|α) is a multiple of p and that every member of cd(G|ϕ) is a multiple of p. Assuming all of this for the moment, we complete the proof of the Theorem.
Let m, n ∈ cd(G|M ) be p -numbers and let k ∈ cd((G/M )|(N/M )). Choose α, β ∈ Irr(M ) lying under characters in Irr(G|M ) of degree m and n, respectively, and choose ϕ ∈ Irr(N/M ) lying under a character in Irr((G/M )|(N/M )) of degree k. Let u = |G : G ϕ | and note that α, β and ϕ are nonprincipal. By the assertions of the first paragraph, there exist s ∈ cd(G|α) and t ∈ cd(G|β) such that both s and t are multiples of u, and if u = 1, we can choose s and t so that both are multiples of p. In either case, therefore, s and t are not coprime. Also, m and s lie in cd(G|α), and so they are not coprime by Corollary 2.3, and similarly, n and t are not coprime. It follows that d(m, n) ≤ 3 in G(G|M ), as desired. Also, we see that u divides k, and by the assertion of the first paragraph, if u = 1, then p divides k.
It follows that k and s are not coprime, and thus d(m, k) ≤ 2 in G(G|N ).
What remains now is to prove the assertions of the first paragraph. We are assuming that we are given α ∈ Irr(M ), where α is nonprincipal, and that there exists χ ∈ Irr(G|α) such that χ(1) is a p -number. We are also given a nonprincipal character ϕ ∈ Irr(N/M ), where |G : G ϕ | = u, and our first task is to produce a character η ∈ Irr(G|α) such that u divides η (1) .
Let ψ be an irreducible constituent of χ N such that ψ lies over α. Then ψ(1) divides the p -number χ (1) , and hence ψ(1) is coprime to |N : M |, which is a power of p. It follows that ψ M is irreducible, and so ψ M = α and α extends to N , and in particular, N ⊆ G α . Now let λ be the p-part of det(α) and note that since χ(1) is a p -number, Lemma 2.1 guarantees that λ has an extension to G α . The restriction of this extension to N is thus a G α -invariant extension of λ to N .
We show next that the p -part µ of det(α) also has a G α -invariant extension to N . Let ν be the p -part of det(ψ) and note that since (det(ψ)) N = det(α), we have ν M = µ. In fact, ν is the unique extension of µ to N that has p -order. (This follows easily from the fact that restriction defines a homomorphism from the abelian group of linear characters of N into the group of linear characters of M , and the kernel of this homomorphism is a p-group since it is exactly the group of linear characters of N/M .) Now α uniquely determines µ and µ uniquely determines ν, and it follows that ν is G α -invariant, as wanted.
We have now seen that both the p-part and the p -part of det(α) have G α -invariant extensions to N , and it follows that det(α), which is their product, also has a G α -invariant extension τ ∈ Irr(N ). We know that α extends to N and that α(1) is coprime to |N : M |, and it follows that α has a unique extension γ ∈ Irr(N ) such that det(γ) = τ . (This is exactly Lemma 6.24 of [3] .) Since γ is uniquely determined by α and τ and each of these characters is G α -invariant, it follows that G α ⊆ G γ . (In fact, since γ N = α, the reverse containment is clear, but we shall not need this observation.)
Now ϕ ∈ Irr(N/M ) and γ M = α ∈ Irr(M ), and hence ϕγ is irreducible by Gallagher's theorem. (See Corollary 6.17 of [3] .) Furthermore, (ϕγ) M is a multiple of α, and hence G ϕγ ⊆ G α ⊆ G γ . But Gallagher's theorem tells us that γ and ϕγ uniquely determine ϕ, and it follows that G ϕγ ⊆ G ϕ , and thus u divides |G : G ϕγ |. If ξ ∈ Irr(G|ϕγ), therefore, we see that u divides ξ(1) and ξ ∈ Irr(G|α), as wanted.
Next, we assume that u = 1, so that ϕ is G-invariant. If cd(G|ϕ) contains a p -number, then ϕ(1) must be a p -number, and hence ϕ(1) = 1 since N/M is a p-group. Also, the order of the linear character ϕ is a p-power, and so ϕ extends to G ϕ = G by Corollary 2.2. But this is impossible since N ⊆ G and ϕ is linear and nonprincipal. This contradiction shows that every member of cd(G|ϕ) is divisible by p.
To complete the proof, we must show that p divides some member of cd(G|α). It suffices, therefore, to show that either p divides some member of cd(G|γ) or some member of cd(G|ϕγ). We assume that this is false and work to obtain a contradiction. Since ϕ(1) divides each degree in cd(G|ϕγ), we see that p does not divide ϕ (1) , and thus ϕ is linear. Also, we know that ϕ is G-invariant, and it follows that G γ = G ϕγ , and this common stabilizer has p -index. Also, by Lemma 2.1, we know that the p-part of det(γ) and the p-part of det(ϕγ) both extend to G γ . But det(ϕγ) = det(γ)ϕ γ (1) , and we see that the quotient of the two determinants is ϕ γ (1) , which is a linear character of p-power order. It follows, therefore, that ϕ
is also the quotient of the p-parts of these determinants, and hence it is extendible to G γ . Since γ (1) is not divisible by p and ϕ has p-power order, we see that ϕ is a power of ϕ γ (1) , and it follows that ϕ extends to some linear character σ of G γ . Then σ G (1) = |G : G γ | is not divisible by p, and thus some irreducible constituent ξ of σ G also has degree not divisible by p. But ξ ∈ Irr(G|ϕ), and this contradicts the result of the previous paragraph. 
Proof. If m, n ∈ cd(G|M ), then by Theorem 4.1, the distance between m and n in the subgraph G(G|M ) of G(G|N ) is at most 3, and there is nothing further to prove. We can assume, then, that m ∈ cd(G|M ), and thus
, and we are done in this case, too. Finally, we can assume that both m and n lie in cd((G/M )|(N/M )), and we can apply Theorem 3.4 in the group G/M with respect to the p-subgroup N/M . We see from that result that the distance between m and n in the subgraph
is at most 2, and the proof is complete.
The following result includes most of Theorem A. Proof. Let X be the set of p -numbers in cd(G|N ). Since p divides |N : N |, there exists M G such that M < N and N/M is a p-group, and thus Corollary 4.2 applies and we conclude that X is contained in a single component of G(G|N ). Since this graph is not connected, X must be a proper subset of cd(G|N ), and we denote the complement by Y . But Y consists of multiples of p, and thus Y is contained in a single component of G(G|N ), and hence Y is proper in cd(G|N ). It follows that X and Y are both nonempty and that they are exactly the components of G(G|N ), as required. Furthermore, if m, n ∈ X, then we know by Corollary 4.2 that the distance between m and n in G(G|N ) is at most 3, and thus their distance in the component X is at most 3. It follows that X has diameter at most 3.
Proof of Theorem A. All that remains to be shown is that if G(G|N ) has two components X and Y , then all of the prime divisors of |N : N | divide the numbers in the same component. If this is false, then we can assume that there are primes p and q dividing |N : N | such that every member of X is divisible by q but not by p and every member of Y is divisible by p but not by q.
Since N/N is an abelian group with order divisible by more than one prime, we see that this group is a direct product of nonidentity characteristic subgroups, and thus by Theorem 2.4, the graph G((G/N )|(N/N )) is connected. Since this is a subgraph of G(G|N ), it must be contained in one of the two components of the larger graph, and so we can assume that cd
therefore, we have m ∈ cd((G/M )|(N/M )), and thus m ∈ cd(G|M ). But since m ∈ X, we know that m is a p -number, and it follows from Theorem 4.1 that m is at a distance at most 2 from an arbitrary member k ∈ cd((G/M )|(N/M )). But m ∈ X and k ∈ Y , and this is a contradiction.
If we assume in Corollary 4.3 that N is solvable, we can get better control of the diameter of the component consisting of p -numbers. (Of course, the component consisting of multiples of p is a complete graph with diameter at most 1.) The following is the part of Theorem E that applies to the situation where G(G|N ) is not connected. 
Since m is a p -number, it follows from Theorem 4.1 that d(m, k) ≤ 2, and this is a contradiction.
Structure when N is a p-group
We now begin work toward proofs of Theorems B, C and D, which give structural information about G and N when G(G|N ) is not connected. In this section, we consider the case where N is an abelian p-group, and we prove Theorem C. We also obtain a partial result in the case where N is a nonabelian p-group.
We begin with a useful lemma, whose proof, unfortunately, requires material that is far from elementary. We will appeal to Lemma 3.5, which relies on the ItoMichler theorem and thus, ultimately, on the classification of simple groups. We also need the highly nontrivial Gluck-Wolf theorem, which asserts that if N G, G/N is solvable and α ∈ Irr(N ), then G/N has an abelian Hall π -subgroup, where π is the set of all prime divisors of the numbers χ (1) Proof. Choose a set π of prime numbers such that all members of cd(G|α) are π-numbers and all members of cd(G|β) are π -numbers. We will show that G/N has an abelian Hall π-subgroup and an abelian Hall π -subgroup. Then all Sylow subgroups of G/N are abelian and since G/N is the product of two abelian subgroups, it follows by Ito's theorem that G/N is metabelian, as desired.
Assume first that G/N is solvable. By the Clifford correspondence, the characters in Irr(G α |α) induce to members of Irr(G|α), and thus all of the degrees in cd(G α |α) are π-numbers. It follows by the Gluck-Wolf theorem that G α /N has an abelian Hall π -subgroup A/N . Also, since |G : G α | divides each member of cd(G|α), this index is a π-number, and thus A/N is a Hall π -subgroup of G/N . Similarly, G/N has an abelian Hall π-subgroup, and we are done in this case.
If G/N is not solvable, then by hypothesis, we can assume that α and β extend to their stabilizers in G. In this case, two applications of Lemma 3.5 guarantee the existence of the desired Hall subgroups. 
Proof. Let X be the subset of cd(G|N ) consisting of numbers coprime to |N : N |. By Theorem A, we know that X and Y are the connected components of G(G|N ), and in particular, these sets are nonempty and they exhaust cd(G|N ).
Given L ∈ L, suppose that cd(G|L) ⊆ Y . We show in this case that Y ⊆ cd(G|L) and that G(G|L) is not connected. Let p be the prime divisor of |N : L| and choose m ∈ cd(G|L) with m ∈ Y . Then m ∈ X, and so p does not divide m.
is not connected in this case since cd(G|L) contains members of both X and Y .
We see now that if G(G|L) is connected, then cd(G|L) ⊆ Y . If, on the other hand, G(G|L) is not connected, then cd(G|L) ⊆ Y since by the definition of the set Y , no two of its members are coprime. By the previous paragraph, therefore, we have Y ⊆ cd(G|L), as required.
Finally, we show that if G(G|L) is connected, then L is the only member of L with this property. Choose χ ∈ Irr(G|N ) with χ(1) ∈ X. Since cd(G|L) ⊆ Y in this case, we know that χ ∈ Irr(G|L), and thus
is a chief factor of G, and thus L = N ∩ ker(χ). It follows that L is unique, as required.
We can now prove Theorem C, which we restate here. Since N is a p-group, the linear character µ ∈ Irr(N ) has p-power order. It lies under an irreducible character of G having p -degree, and thus it follows by Corollary 2.2 that µ extends toμ ∈ Irr(G µ |µ). In particular, G µ < G since µ is linear and N ⊆ G , and thus µ does not extend to G. Also, we can apply Lemma 3.5 to obtain an abelian Hall π -subgroup A/N of G/N with A G µ , where π is the set of all prime divisors of members of X.
Since |G : G ν | divides some member of Y , this index is a π -number. It follows that AG ν = G, and we let
It follows that D/N G/N , and hence D G. Also, since AG ν = G, we see that |G ν : D| = |G : A| is a π-number. Finally, we let Q ∈ Syl p (D). Then N ⊆ Q, and since D/N is abelian, we have Q D, and thus Q G. Also, since |G ν : D| is a π-number and p ∈ π, we see that Q ∈ Syl p (G ν ).
Now µ extends toμ ∈ Irr(G µ ) and we write α = (μ) Q . Then α is invariant in G µ , and in fact G α = G µ since µ = α N . In particular, we see thatμ is an extension of α to its stabilizer in G. Next, we choose β ∈ Irr(Q|ν) and we argue that β also extends to its stabilizer in G. To see why this is so, observe that Q ⊆ G ν , and thus β N is a multiple of ν and we deduce that G β ⊆ G ν . But Q is a Sylow subgroup of G ν , and thus Q is a Sylow subgroup of G β , and it follows by a result of Gallagher that β extends to G β . (See Corollary 8.16 of [3] .)
Now cd(G|α) ⊆ X and cd(G|β) ⊆ Y , and we know that every member of X is coprime to every member of Y . Since we have seen that both α and β extend to their stabilizers in G, it follows by Lemma 5.1 that G/Q is metabelian, and in particular, G is solvable. We can now apply Lemma 5.1 to the characters µ and ν since cd(G|µ) ⊆ X and cd(G|ν) ⊆ Y , and we conclude that G/N is metabelian, and so G /N is abelian.
We If G is not a p-group, we can choose a nontrivial Sylow r-subgroup K/N of G /N for some prime r = p. Then K G since G /N is abelian, and thus by the result of the previous paragraph, we see that R G, where R ∈ Syl r (K). But N ∩ R = 1 and R ∩ G = R > 1, and this contradicts Theorem 2.6 since G(G|N ) is not connected. It follows that G is a p-group and thus G ⊆ P . Then P G and G/P is abelian, proving (a) and half of (b). Also, if q is any prime divisor of a member of Y , then q ∈ π , and it follows that A contains a full Sylow q-subgroup of G. In particular, by taking q = p, we see that A ⊇ P , and thus P/N is abelian. This completes the proof of (b).
To prove (c), we suppose that some prime r = p divides a member of Y . As we have seen, A must contain a full Sylow r-subgroup R of G, and we note that R is abelian since R ∩ G = 1 because G is a p-group. Also, P ⊆ A and A/N is abelian, and thus [P, R] ⊆ N and N R P R. Now N R/N is a normal Sylow r-subgroup of P R/N and P R G since G/P is abelian. It follows that N R G, and thus by an earlier observation, we have R G. This is a contradiction, however, since r divides some member of Y ⊆ cd(G), and thus by Ito's theorem, G cannot have a normal abelian Sylow r-subgroup.
To prove (d), we first show that N is not central in P . Otherwise, P stabilizes the character ν, and thus P ⊆ G ν and we have Proof. Note that N is an abelian p-group for some prime p, but N does not satisfy conclusion (d) of Theorem 5.4. It follows that G(G|N ) cannot fail to be connected.
We have been unable to obtain much useful information in the case where N is a nonabelian p-group and G(G|N ) is not connected. We do, however, have the following result, which we will use later, in the proof of Theorem D. To some extent, the proof of this theorem duplicates part of the proof of Theorem 5.4, but there are also some new ideas here. N be a nonabelian p-group, where N G and N ⊆ 
Proof. As usual, we let X and Y , respectively, be the subsets of cd(G|N ) consisting of p -numbers and of multiples of p. Then X and Y are the connected components of G(G|N ), and in particular, X and Y are nonempty. By hypothesis, G(G|L) is connected whenever N/L is a chief factor of G, and hence by Lemma 5.3, there is a unique such chief factor N/L and we have cd(G|L) ⊆ Y . Also, since Z(N ) < N, we have Z(N ) ⊆ L and we need to prove that Z(N ) = L. We assume that Z(N ) < L, and we work to obtain a contradiction.
Since L is not central in N , we have C N (L) < N, and it follows that By Corollary 2.3, we can choose a nonprincipal character µ ∈ Irr(N ) such that cd(G|µ) ⊆ X. Then L ⊆ ker(µ), and thus C ⊆ G µ since C centralizes N/L. Also, µ is linear and µ extends to G µ , and thus G µ /N has a normal Sylow p-subgroup P/N , where P ∈ Syl p (G). (We are using Lemma 3.5 here.) We also note that |G : G µ | divides a member of X. Furthermore, since N ⊆ G and µ is linear, we have G µ < G, and so N/L ⊆ Z(G/L). Now let U/V be a chief factor of G with U ⊆ L. Then P acts on the p-group Irr(U/V ), and so we can choose a nonprincipal P -invariant linear character ν of U/V . Since U ⊆ L, we see that cd(G|ν) ⊆ cd(G|L) ⊆ Y , and thus |G : G ν | divides a member of Y . But |G : G µ | divides a member of X, and thus these indices are coprime and G = G µ G ν .
and note that [N, H] ⊆ N ∩ H ⊆ L, and thus [N, H, H] ⊆ [L, H] = 1. It follows from this that if R ⊆ G is a p -subgroup that centralizes
We have P G µ and P ⊆ G ν , and it follows that P G ⊆ G ν , and hence [U, P G ] ⊆ ker(ν). Also, of course, V ⊆ ker(ν), and thus
G ] G and U/V is a chief factor of G, we see that [U, P G ] ⊆ V , and thus P G centralizes the chief factor U/V . We have now shown that P G centralizes each chief factor U/V of G with U ⊆ L, and thus P G ⊆ C ⊆ G µ . But P G contains all Sylow p-subgroups of G and P is the unique Sylow p-subgroup of G µ , and it follows that P G.
We also claim that L ⊆ P . Otherwise, there exists a linear character λ of P such that L ⊆ ker(λ), and thus cd(G|λ) ⊆ Y . But λ G has p -degree since P ∈ Syl p (G), and thus some irreducible constituent of λ G must have p -degree, and that is a contradiction.
Next, we show that G/N is metabelian. Choose nonprincipal irreducible characters α and β of N such that cd(G|α) ⊆ X and cd(G|β) ⊆ Y . (Note that we are using Corollary 2.3 here.) Letα,β ∈ Irr(P ) lie over α and β, respectively, and note that cd(G|α) ⊆ X and cd(G|β) ⊆ Y . Because P is a Sylow subgroup of G, it follows thatα andβ extend to their stabilizers in G, and thus G/P is metabelian by Lemma 5.1 applied to the charactersα andβ. But then G is solvable, and we can apply Lemma 5.1 to the characters α and β. This time, we deduce that G/N is metabelian, as claimed, and hence G /N is abelian.
Suppose now that P ⊆ K G, where K/P is an r-group for some prime r. We claim that K centralizes N/L. To see this, let U/V be an arbitrary chief factor of G with U ⊆ N . Since P acts trivially on U/V and K/P G/P is an r-group, we see that if K does not centralize U/V , then the G-orbit of every nonprincipal linear character λ of U/V has size divisible by r. In particular, supposing that K does not centralize the chief factor N/L, we see that r divides the members of cd(G|µ). In particular, r divides some member of X, and thus r divides no member of Y . If U/V is an arbitrary chief factor of G with U ⊆ L, then cd(G|U ) ⊆ Y and it follows that K acts trivially on U/V . Then K ⊆ C and since C ⊆ C G (N/L), we see that K centralizes N/L. This is a contradiction, and so we have proved that K really does centralize N/L.
We next show that G/P is abelian. Otherwise, G ⊆ P and we can choose R ∈ Syl r (G ) with R > 1 and r = p. Then RN/N ∈ Syl r (G /N ) and since G /N is abelian, we have RN G and also RP G. Now [P, R] ⊆ N and by the result of the previous paragraph, we have [N, R] ⊆ L ⊆ P . Thus [P, R] ⊆ P , and it follows that R centralizes P , and thus R RN. We conclude that R G, and since G(G|N ) is not connected, this contradicts Theorem 2.6 since R ∩ N = 1 and 1 < R ⊆ G .
We now know that G/P is abelian. Since N/L is not a central factor of G, we can choose a prime r dividing |G : C G (N/L)| and we let K/P be a Sylow r-subgroup of G/P . Since G/P is abelian, however, we have K G, and thus, as we have seen, K centralizes N/L. This is our final contradiction.
Structure when N is not a p-group
In this section, we prove Theorem D and we obtain Theorem B as a corollary. We begin with some lemmas, the first of which is known. We can now assume that no nonidentity proper subgroup of M admits the action of S. If s ∈ S and C M (s) > 1, then s ∈ K ⊆ Z(S), and thus C M (s) admits S. We conclude that C M (s) = M and s acts trivially. It follows that the subgroup K of S is exactly the kernel of the action of S and that the action of S/K on M is Frobenius. Since an abelian Frobenius complement is cyclic, it follows that if S is abelian, then S/K is cyclic, and there is nothing further to prove.
We can now assume that S is nonabelian, and thus since K ⊆ Z(S), we see that S/K is noncyclic. But S/K is a p-group that is a Frobenius complement, and it follows that p = 2 and that S/K is generalized quaternion. But then there is a cyclic subgroup C/K of S/K with index 2. Also, since K ⊆ Z(C) and C/K is cyclic, we see that C is abelian. The proof is now complete. Consider the following example. Let G be the semidirect product of GL (2, 3) acting naturally on an elementary abelian group M of order 9. Let N be the unique normal subgroup of G of order 72 and note that N ⊆ G and that cd(G|N ) = {2, 3, 4, 8, 16}, so that G(G|N ) is not connected. In fact, N is minimal with the property that N G and G(G|N ) is not connected. To see this, note that there are just two nonidentity normal subgroups of G that are properly contained in N . One of these is M , of order 9, and the other is a subgroup K of order 18. It is easy to see that cd(G|M ) = {8, 16} and cd(G|K) = {2, 4, 8, 16}, and so the corresponding relative degree graphs are connected. Now we abstract this example and define a pair (N, G) to be exceptional if N G and we have the following situation. We require that N has an abelian normal 2-complement M and we write Z/M = Z(N/M ). We require that |N : Z| = 4, so that N/Z is a Klein group. We let C = C G (N/Z), so that C is the kernel of the action of G on N/Z. Since N/Z is abelian, we see that N ⊆ C and we require that C/N has a normal Sylow 2-subgroup P/N . Then M is a normal 2-complement in P and C/P has odd order, and thus C is solvable by the odd-order theorem. Also, G/C is embedded in the automorphism group of the Klein group N/Z, and thus |G : C| divides 6 and we see that G is solvable.
We are now ready to state and prove a slightly strengthened version of Theorem D. 
b). Since N/L is minimal normal in G/L, we know that G((G/L)|(N/L)) is connected by Corollary 5.5. Since X is nonempty and cd(G|L) ⊆ Y , we see that
, and hence equality must occur here.
If µ is a nonprincipal linear character of N/L, then cd(G|µ) ⊆ X, and thus |G : G µ | divides a member of X. Also, as usual, µ extends to G µ < G and N/L ⊆ Z(G/L). Continuing to follow the familiar argument, we see by Lemma 3.5 that G µ /N has a normal abelian Sylow p-subgroup P/N , and in fact, P/N ∈ Syl p (G/N ).
We next work to show that the stabilizer in N of each nonprincipal character ν ∈ Irr(M ) is contained in L. To see this, write U = N ν and T = G ν and observe that U = N ∩T T . Note also that |G : T | divides a member of Y since cd(G|ν) ⊆ Y .
Since U/M is a p-group and M is a p -group, it follows that ν extends to U , and in fact, there is a unique extensionν such that the determinant ofν has p -order. (See Corollary 8.16 of [3] .) Because of this uniqueness, we see thatν is T -invariant. Now let µ ∈ Irr(N/L) be nonprincipal and consider the character θ = µ Uν ∈ Irr(U ). We argue that θ is invariant in T by showing that |T : T θ | divides both a member of X and a member of Y .
Let ψ ∈ Irr(T |θ). Then ψ ∈ Irr(T |ν) since θ M = ν, and thus ψ G ∈ Irr(G|ν) by the Clifford correspondence. But cd(G|ν) ⊆ Y , and thus ψ(1) divides a member of Y . Also, since ψ ∈ Irr(T |θ), we see that |T : T θ | divides ψ (1) , and so |T : T θ | divides a member of Y . Now write D = G µ ∩ T . We previously saw that |G : G µ | divides a member of X and that |G : T | divides a member of Y , and thus these indices are coprime. Then T G µ = G and |T : D| = |G : G µ | divides a member of X. But D stabilizes both µ andν, and thus D stabilizes θ and it follows that |T : T θ | divides |T : D|, and hence it divides a member of X. Combining this with the result of the previous paragraph, we conclude that T θ = T , and thus θ is invariant in T , as claimed. By Gallagher's theorem, the characters θ = µ Uν andν uniquely determine µ U . Since both θ andν are invariant in T , it follows that µ U is also invariant in T , If n ∈ N − L, we have shown that n fixes no nonprincipal irreducible character of M , and it follows that n fixes no nonidentity conjugacy class of M . (We are using the fact that a group automorphism fixes equal numbers of irreducible characters and conjugacy classes. This is a consequence of a lemma of R. Brauer that appears as Theorem 6.32 of [3] .) We conclude, therefore, that C M (n) = 1. Now let S ∈ Syl p (N ), so that S ∼ = N/M and S acts on the p -group M . If we write
We also note that M > 1 since by hypothesis, N is not a p-group.
We next observe that if N/M is abelian, then (c) certainly holds and S is an abelian p-group. It follows by Lemma 6.2 that S/K is cyclic, and thus N/L is cyclic of order p. If we write C = C G (N/L), we see that N ⊆ C G and that G/C is an abelian p -group. Also, C ⊆ G µ for all µ ∈ Irr(N/L), and thus C/N has an abelian normal Sylow p-subgroup. It follows that G/N has a normal Sylow p-subgroup, establishing (d) in this case. If L = M , then K = 1 and hence the action of S on M is Frobenius, and so M is nilpotent, and in fact, M is abelian if p = 2. In this case, therefore, conclusion (b) is established. Since N/M is abelian in this situation, we know from the previous paragraph that (c) and (d) hold, and it remains is to prove (a): that G is solvable. To accomplish this, note that M > M since M is a nontrivial nilpotent group, and so we can choose a nonprincipal linear character ν ∈ Irr(M ). Let P/N be the normal Sylow p-subgroup of G/N and choose α ∈ Irr(P |ν). Since ν is linear and P/M is a p-group, it follows that α(1) is a power of p. Also, the linear character det(α) has p-power order since P/P is a p-group. (This is because M ⊆ N ⊆ P , where the first containment holds since N is a Frobenius group with kernel M .) Since p does not divide |G α : P |, it follows that α extends to G α . (See Corollary 8.16 of [3] .) Also, if µ ∈ Irr(N/M ) is nonprincipal and β ∈ Irr(P |µ), then since P/M is a p-group and p does not divide |G β : P |, we see that β extends to G β . Since cd(G|α) ⊆ cd(G|ν) ⊆ Y and cd(G|β) ⊆ cd(G|µ) ⊆ X, it follows by Lemma 5.1 that G/P is metabelian, and thus G is solvable, as required.
We can now assume that L > M. We have
and this is a nonempty subset of cd
Since the set cd((G/M )|(N/M )) contains members of X and members of Y , it follows that the graph
If N/M is abelian, we have seen that (c) and (d) hold. By the result of the previous paragraph, we can apply Theorem 5.4 in the group G/M , and it follows that G/M is solvable, and so if we can establish (b), it will follow that G is solvable and (a) holds. We work now to prove (b). We must show, therefore, that M is nilpotent and that it is abelian if p = 2. Let B = Irr(N/L) and A = Irr(N/M ), so that B < A are abelian groups. Suppose that α ∈ A and that 1 = α p = β ∈ B.
Then G α ⊆ G β and since β ∈ Irr(N/L) is nonprincipal, we know that |G : G β | is a nontrivial divisor of a member of X. It follows that |G : G α | cannot be a divisor of a member of Y , and thus cd(G|α) ⊆ X. We conclude from this that L ⊆ ker(α), and thus α ∈ B. It follows by Lemma 6.1 that B is a direct factor of A. Now it is easy to see that L/M is a direct factor of N/M , and in particular, the group S contains an element s of order p with s ∈ K. Then C M (s) = 1, and so M is nilpotent and is abelian if p = 2. This completes the proof of the theorem in the case where N/M is abelian.
We can now assume that N/M is nonabelian, and our task is to show that p = 2 and the pair (N, G) is exceptional. We must show, in particular, that M is abelian. Also, if we write Z/M = Z(N/M ) and C = C G (N/Z), we must show that |N : Z| = 4 and that C/N has a normal Sylow 2-subgroup. Recall that this will imply that G is solvable, and so conclusion (a) will follow.
Since N/M is nonabelian, we know that M < L, and thus as we have seen, the graph G((G/M )|(N/M )) is not connected. We wish to apply Theorem 5.6 to the group G/M , and so we need to check that We can now prove Theorem B, which we restate here. Proof. Note that in cases where we can show that N is nilpotent, the Fitting height of N is clearly at most 3, and there will be nothing further to prove. Let K ⊆ N with K G, where K is minimal such that G(G|K) is not connected. Since N is solvable, it follows from Corollary 5.2 that N/K is metabelian, and thus N ⊆ K. If K is a p-group, we are done.
We now assume that K is not a p-group, so that Theorem 6.4 applies. In particular, G is solvable and K has a nilpotent normal p-complement M . In this case, G/K is metabelian by Corollary 5.2, and we have G ⊆ K. Now N ⊆ G , and thus N ⊆ G , and so if G ⊆ M , we see that N is nilpotent, and we are done.
We can assume, therefore, that G ⊆ M . But G ⊆ K, and so it follows that K/M is nonabelian. We conclude from Theorem 6.4 that p = 2 and that the pair (K, G) is exceptional, and in particular, M is abelian. Also, the center of the 2-group K/M has index 4, and hence its derived subgroup D/M has order 2. Now G ⊆ K, and hence G ⊆ D. We are assuming that G ⊆ M , and it follows that the abelian group G ∩ M has index 2 in G . Finally, we observe that M and K/M are nilpotent in this case and N ⊆ G ⊆ K, and thus N has Fitting height at most 3.
Diameters
As usual, we assume that N G, where N ⊆ G , and N is solvable. If G(G|N ) is not connected, we know that all of the degrees in one component are divisible by p, where p is a prime divisor of |N : N |, and so the diameter of that component is at most 1. Also, by Corollary 4.4, the diameter of the other component is at most 2. In this section we obtain upper bounds on the diameter of G(G|N ) in the remaining case, where the graph is connected. It seems likely that the correct maximum distance in Theorem 7.1 is 3 and not 4, but we have been unable to prove this except in the case where N is a p-group. We now begin work on this case.
We need the following technical lemma, which is related to results that have appeared in several papers on character degree graphs. (See, for example, the "Main Lemma" in [10] , or Lemma 1 of [6] , or Lemma 4 of [12] .) Before we prove this, we recall that a partition of a group G is a collection P of nonidentity subgroups such that P = G and U ∩ V = 1 if U, V ∈ P are distinct.
The partition is proper if it contains more than one subgroup. The following easy observation is well known. Proof. Let x ∈ A have prime order p and let P be the unique member of P that contains x. Let y in A be arbitrary and let Q ∈ P contain xy, so that Q also contains (xy) p = y p . If y p = 1, then Q is the unique member of P that contains y p , and thus y ∈ Q. Since xy, y ∈ Q, we see that x ∈ Q, and thus Q = P . We have thus shown that y p = 1 for all elements y ∈ A except possibly for elements in P . Finally, choose R ∈ P different from P and let 1 = z ∈ R. We have shown that z has order p, and now we replace x by z in the first argument to deduce that y p = 1 except possibly when y ∈ R. Since only the identity is in both P and R, it follows that y p = 1 for all elements y ∈ A.
Proof of Lemma 7. If Y is an r-group, then the set P contains just one member, namely C B (Y ). Since P covers B > 1, it follows that C B (Y ) = B. This is a contradiction since we know that C B (Y ) = 1 and B > 1. Thus Y is not an r-group, and since Y = O r (Y ), we see that Y has more than one Sylow r-subgroup. In particular, |P| > 1, and hence P is a proper partition of B. By Lemma 7.3, we see that B is an elementary abelian p-group and we can view B as a Y -module over the field of order p. We also note that r divides |Y |.
We next argue that B is simple as a Y -module. (We give an easy direct proof of this fact, although it can also be established by quoting the appropriate theorems.) Suppose that B = B 1 . + B 2 , where the B i are Y -invariant and nonzero. Let s ∈ B 1 and t ∈ B 2 be nonzero and let R be the unique Sylow r-subgroup of Y fixing s + t. Then R fixes each of s and t, and so we see that the unique Sylow r-subgroup of Y that fixes s also fixes every element t ∈ B 2 . We deduce that R acts trivially on B 2 and similarly, R acts trivially on B 1 . Thus R centralizes B, and this is a contradiction since R > 1 and the action of Y on B is faithful. Now let K be the abelian r-complement of Y and decompose B as a direct sum of its K-isotypic components. These summands are invariant under K and are permuted transitively by Y ; hence they are permuted transitively by each Sylow r-subgroup of Y . Choose a nonzero element t in one of the isotypic components. Then t is fixed by some Sylow r-subgroup R of Y , and thus the isotypic component containing t is also R-fixed. But R acts transitively on the set of K-isotypic components, and it follows that there is just one such component, and thus B is homogeneous as a K-module. Since the action of K on B is faithful and K is abelian, it follows that this action is Frobenius and that K is cyclic.
Write Since Y acts irreducibly on B = U/U and U ⊆ Z(U ) < U, it follows that Z(U ) = U . Also, since U/U is elementary abelian and U is cyclic, it follows easily that U is extraspecial, and hence |B| = p 2e for some integer e > 0. The cyclic group K of order k has a Frobenius action on U/U and K centralizes U . It follows that either k divides p e − 1 or k divides p e + 1. (See Satz V.17.13 of [2] .) We have
and thus q − 1 ≥ p e − 1. But q is a power of p, and so we can write q = p a , where a ≥ e. Since k > 1 is an integer, we see that q − 1 = p a − 1 is a proper divisor of |B| − 1 = p 2e − 1. It follows that a divides 2e and a < 2e. We know, however, that a ≥ e, and we see, therefore, that a = e, and thus q = p e − 1 and k = p e + 1. But k = | Syl r (Y )| ≡ 1 mod r, and thus r divides k − 1 = p e , and we conclude that r = p. This is a contradiction, however, since we assumed that |Y | and p are coprime and we know that r divides |Y |. This completes the proof.
We now present the main result of this section. Proof. Assume that the result is false and choose a counterexample where |G| is minimal and where N is minimal among normal subgroups of G contained in G and such that there exist a, b ∈ cd(G|N ) having distance 4 in G(G|N ). Also, since p must fail to divide at least one of a or b, we can assume that a is a p -number.
If a 0 ∈ cd(G|N ) divides a, we see that d(a 0 , b) ≥ 4, and thus d(a 0 , b) = 4 by Theorem 7.1. We can thus replace a by a divisor if necessary and assume that no proper divisor of a lies in cd(G|N ). Choose x, y, z ∈ cd(G|N ) such that
By Theorem 3.4, the greatest possible distance in G(G|N ) between two p -degrees is 2, and hence since d(a, z) = 3 and d(a, b) = 4, it follows that both z and b must be divisible by p. Also, x and y are coprime to b, and so they are p -numbers. Now let α ∈ Irr(N ) lie under a character of degree a in Irr(G|N ). Since α(1) divides a, which is a p -number, we see that α has p -degree, and hence it is linear. It follows by Corollary 2.2 that α extends to G α , and thus by the Clifford correspondence |G : G α | is a member of cd(G|N ) that divides a. We thus have |G :
Every member of cd(G|α) is divisible by a, and thus since d(a, z) > 2, we see that all members of cd(G|α) are coprime to z. Similarly, since d(a, b) > 2, all members of cd(G|α) are coprime to b. Since α extends to G α , it follows by Lemma 3.5 that for each prime divisor r of z or of b, a Sylow r-subgroup of G/N is abelian and normal in G α /N . In particular, since p divides b, we know that there exists P ∈ Syl p (G) with P G α , and we see that P/N is abelian. Now let γ ∈ Irr(N ) lie under a character of degree y in Irr(G|N ). Then γ is linear since its degree divides the p -number y, and also γ extends to G γ by Corollary 2.2. Write c = |G : G γ | and note that c > 1 since γ cannot extend to G. Since c divides y, we see that c is coprime to p and to a = |G :
contains the unique Sylow p-subgroup P of G α , and so we have P ⊆ G γ . Also, we note that if r is any prime that divides no member of cd(G|γ), then reasoning as in the previous paragraph, we see that a Sylow r-subgroup of G/N is normal in G γ /N .
We work next to show that P G. Observe that if we can show that no member of cd(G|γ) is divisible by p, then P G γ , and it will follow that P G α G γ = G, as wanted. We assume now that P is not normal in G, and we obtain a contradiction in this situation by deducing that the members of cd(G|γ) are not divisible by p.
Assuming that P is not normal, we see that P G contains more than one Sylow psubgroup of G, and thus P G ⊆ G α . We conclude that [N, P G ] ⊆ ker(α), and so if we write K = [N, P G ] and λ = α K , it follows that K G and λ is a nonprincipal linear character of K. Since λ lies under α, we see that a ∈ cd(G|λ), and thus |G : G λ | divides a. Also, λ extends to G λ by Corollary 2.2, and thus |G : G λ | ∈ cd(G|N ) by the Clifford correspondence. But no proper divisor of a lies in cd(G|N ), and thus a = |G :
Since G τ stabilizes τ = αγ and we now know that it also stabilizes α, it follows that G τ stabilizes γ. Then G τ ⊆ G α ∩ G γ , and since the reverse containment is clear, we deduce that
where the first equality follows since we know that G = G α G γ . Also, since α extends to G α and γ extends to G γ , we see that τ = αγ extends to G α ∩ G γ = G τ . It follows by the Clifford correspondence that ac ∈ cd(G|N ).
Suppose now that some member m ∈ cd(G|γ) is divisible by p. Then in G(G|N ), we have d(m, b) ≤ 1. Also, m is divisible by c = |G : G γ |, and thus d(ac, m) ≤ 1. Clearly, d(a, ac) ≤ 1, and we deduce that d(a, b) ≤ 3, which is a contradiction. We conclude that no member of cd(G|γ) is divisible by p, and as we have seen, this completes the proof that P G.
The p -group G/P acts on the abelian p-group Irr(N/[N, P ]), and so it follows by Lemma 3.1 that if µ and ν are P -invariant linear characters of N lying in Gorbits of coprime sizes m and n, respectively, then the orbit of µν has size mn. In particular, since α and γ are P -invariant and lie in orbits of sizes a and c, we see that if we set τ = αγ, then |G : G τ | = ac, and hence G τ = G α ∩ G γ . (We have seen this before, but previously it was established using the "incorrect" assumption that P was not normal in G.) Also, α and γ extend to G α and G γ , respectively, and it follows that τ extends to G τ . By the Clifford correspondence, therefore, we have ac = |G : G τ | ∈ cd(G|N ). We have d(ac, y) ≤ 1 since c divides y and also d(a, ac) ≤ 1, and thus we can assume that x = ac. Now fix some prime divisor r of z or b with r = p. Recall that we saw that some Sylow r-subgroup of G/N is normal in G α /N , and thus we can choose R ∈ Syl r (G) such that N R G α . Also, since P G α and P ∩ N R = N , we see that R centralizes P/N . But P G and it follows that every Sylow r-subgroup of G centralizes P/N .
Recall that P/N is abelian, and so we have P ⊆ N . We claim that each linear character of N/P is fixed by some Sylow r-subgroup of G. To see this, let λ be a nonprincipal linear character of N/P and observe that λ is P -invariant. In fact, λ extends to P , and thus cd(G|λ) contains a p -number. Then λ extends to G λ by Corollary 2.2, and thus |G : G λ | ∈ cd(G|N ), and we write m = |G : G λ |. Our goal is to show that r does not divide m.
By assumption, r divides z or b, and so if r divides m,
and thus a and m are coprime. The linear characters α and λ are P -invariant and lie in G/P -orbits having coprime sizes, and it follows that αλ lies in an orbit of size am. We conclude that some multiple n of am lies in cd(G|N ) and we see that r divides n. But then d(a, n) ≤ 1 and d(n, b) ≤ 2, and this is a contradiction. We conclude that r does not divide m, as required.
We argue next that G/N does not have a normal Sylow r-subgroup. Otherwise, N R G, where R ∈ Syl r (G), and we get the same group N R for each choice of the subgroup R ∈ Syl r (G). We showed that each linear character of N/P is fixed by some Sylow r-subgroup of G, and thus is fixed by N R and hence by R. It follows that R centralizes N/P and since r = p and we saw previously that R centralizes P/N , it follows that R centralizes P/P , and thus R centralizes P . We conclude that R NR, and thus R G. But r divides some member of cd(G), and it follows by Ito's theorem that the normal Sylow r-subgroup R of G cannot be abelian. Thus R ∩ G > 1 and this contradicts Theorem 2.6 since the diameter of G(G|N ) exceeds 3. We have now shown that as claimed, G/N does not have a normal Sylow r-subgroup.
It now follows that G/P does not have a normal Sylow r-subgroup since otherwise P R G, where R ∈ Syl r (G). But R centralizes P/N , and it follows that N R P R and thus N R G, which we know is not the case.
Next, we argue that b is a power of p. Otherwise, we can choose the prime r so that it divides b. (Recall that the only conditions on r were that it divides b or z and that it is different from p.) We have seen that some Sylow r-subgroup of G/N is normal in G α /N and we will also show that some Sylow r-subgroup of G/N is normal in G γ /N . We know, however, that G α G γ = G, and it follows easily from this that G/N has a normal Sylow r-subgroup. This is false, however, and this contradiction will show that b is a power of p, as desired. divisor of χ (1) , and so we cannot have χ(1) = x or χ(1) = a, and this shows that x, a ∈ cd(G|M ). Also to see that y ∈ cd(G|M ), it suffices to show that we cannot have λ = γ. This follows since |G : G γ | = c and c divides x.
We have now seen that a, x, y, z, b ∈ cd(G|M ), and thus a and b lie in the same connected component of G(G|M ) and their distance in this subgraph of G(G|N ) cannot be less than their distance in G(G|N ), which is 4. It follows by the minimality of N that M = N , and thus N ⊆ H . Now |G : H| is coprime to a, x and b, and since H G, it follows that irreducible characters of G with these degrees restrict irreducibly to H, and hence a, x, b ∈ cd(H|N ). Also, we see that cd(H|N ) contains a divisor y 1 of y and a divisor z 1 of z such that y/y 1 and z/z 1 divide |G : H|. Recall that c divides y and since c divides x, it is coprime to |G : H|, and thus c divides y 1 and it follows that x and y 1 are joined in G(H|N ). Also, r divides both y and z and does not divide |G : H|, and thus r divides both y 1 and z 1 , which, therefore are also joined in G(H|N ). Finally, since p divides z but does not divide |G : H|, we see that p divides z 1 , and thus z 1 and b are joined in G(H|N ). It follows that a and b are in the same connected component of G(H|N ). Furthermore, their distance in this graph cannot be less than 4 since every member of cd(H|N ) divides some member of cd(G|N ). It follows that d(a, b) = 4 in G(H|N ) and since N ⊆ H , the minimality of the counterexample G shows that H = G. We conclude that G/P has the normal abelian r-complement U/P .
If λ is a linear character of N that does not extend to P , then every member of cd(G|λ) is divisible by p. These numbers are thus at a distance at most 1 from b in G(G|N ), and hence they are coprime to a. Now let V/N be the p-complement of the abelian group G /N and recall that we know that every prime divisor of |V/N | divides a. Since V G and |G : G λ | is coprime to a, it follows that V ⊆ G λ and V stabilizes λ.
Now α extends to G α , and so α extends to P , and since λ does not extend to P , it follows that αλ also does not extend to P . Reasoning as we did with λ, we see that V also stabilizes αλ, and it follows that V stabilizes α. Then G α ⊇ P V ⊇ G , and it follows that G α G. This is not the case, however, because we know that a Sylow r-subgroup of G/N is normal in G α /N , but it is not normal in G/N . This contradiction shows that every linear character of N extends to P , and thus N = P . It follows also that each such character lies under an irreducible character of G having p -degree, and hence by Corollary 2.2, every linear character of N extends to its stabilizer in G.
Recall that we saw earlier that each linear character of N/P is fixed by some Sylow r-subgroup of G. It now follows that every linear character of N is fixed by such a Sylow subgroup. Also, since P acts trivially on the set of linear characters of N , we see that we have an action of G = G/P on these linear characters and it follows that each linear character of N is fixed by some Sylow r-subgroup of G.
We argue next that if λ is a linear character of N that is stabilized by more than one Sylow r-subgroup of G, then λ is stabilized by all Sylow r-subgroups of G. The stabilizer of λ in G is G λ /P , and by assumption, this group fails to have a normal Sylow r-subgroup. Then a Sylow r-subgroup of G λ /N is not normal, and hence since λ extends to G λ , it follows by Lemma 3.5 that cd(G|λ) contains a multiple m of r. Then d(m, z) ≤ 1 in G(G|N ), and hence d(a, m) ≥ 2 and we see that a and m are coprime. But |G : G λ | divides m, and so this index is coprime to a. We know that |G : G λ | is also coprime to p, and as we have seen, this implies that G ⊆ G λ , and thus G λ G. But G λ contains a Sylow r-subgroup of G, and it follows that it contains all Sylow r-subgroups of G. We see from this that every Sylow r-subgroup of G stabilizes λ, as claimed. Now let K/L be a chief factor of G with K ⊆ P and let τ be an arbitrary nonprincipal linear character of K/L. Then τ does not extend to P , and hence every degree in cd(G|τ ) is divisible by p. Also, cd(G|τ ) ⊆ cd(G|N ) since K ⊆ P ⊆ N , and thus since d(x, b) = 3 and b is divisible by p, it follows that all degrees in cd(G|τ ) are coprime to x and we see that |G : G τ | is coprime to x. Also, P centralizes the chief factor K/L and thus P ⊆ G τ , and it follows that U ⊆ G τ , where we recall that U/P is the normal Hall π-subgroup of G/P , where π is the set of prime divisors of x. If Q is a Hall π-subgroup of G, therefore, we see that Q fixes every linear character of K/L, and thus Q centralizes K/L.
Let C = C G (P ) and note that Q ⊆ C since Q centralizes all G-chief factors in P and p does not divide |Q|. We claim that N ⊆ C. Otherwise, since C G, we have [N, C] ⊆ N ∩ C < N and we can choose a nonprincipal C-invariant linear character µ of N . Then µ is stabilized by P , by Q and by some Sylow r-subgroup of G, and thus µ is G-invariant since P QR = G. But µ extends to G µ = G, and this is a contradiction since N ⊆ G . This shows that N ⊆ C, as claimed, and thus P is central in N , and in particular, N = P is abelian.
We have seen that each linear character λ of N extends to P and since P/N is abelian, it follows that cd(G|λ) consists only of numbers that are coprime to p. A character of degree b in cd(G|N ), therefore, lies over nonlinear irreducible characters of N , and hence it lies over a nonprincipal linear character of N . (Recall that N is abelian.) Since r does not divide b, it follows that N has nonprincipal R-invariant linear characters, and thus [N , R] < N for every choice of R ∈ Syl r (G).
Recall that R centralizes P/N , and thus P normalizes N R. Also, N is central in N , and thus [N , R] = [N , NR] is normalized by P . Then P acts on the nontrivial p-group N /[N , R] and we can choose a nonprincipal P R-invariant linear character σ of N . Observe that σ is also Q-invariant since we have seen that Q centralizes N , where Q is a Hall π-subgroup of G. Since P QR = G, we conclude that σ is actually G-invariant.
Let X be a p-complement in G and note that since σ is X-invariant, there exists a X-invariant character in Irr(P |σ). (See Theorem 13.28 of [3] .) It follows that cd(G|σ) contains a power of p, and it is no loss to assume that b ∈ cd(G|σ).
Since G/P has more than one Sylow r-subgroup, we see that cd(G/P ) contains a multiple of r. Also, an irreducible character of G of degree b restricts irreducibly to P , and so by Gallagher's theorem, cd(G|σ) contains a multiple of br. We may assume, therefore, that this degree is z, and so if we write L = ker(σ), we have z, b ∈ cd((G/L)|(N/L)). We claim that this set also contains a, x and y. This is because an irreducible character of G with one of these degrees has p -degree, and thus has linear constituents upon restriction to N . Therefore L ⊆ N is contained in the kernel of any such character. Thus cd((G/L)|(N/L)) contains a, x and y, and it follows that a and b are in the same connected component of the subgraph G((G/L)|(N/L)) of G(G|N ), and so their distance in this subgraph is 4. By the minimality of |G|, we see that L = 1, and thus σ is a faithful linear character of N , which, therefore, is cyclic. Since σ is G-invariant, and it follows that N ⊆ Z(G).
Recall that X is a p-complement of G, and write Y = O r (X). Then Y centralizes P/N since we know that each Sylow r-subgroup of G centralizes P/N , and it We wish to apply Lemma 7.2 to the action of Y on N . Recall first that N is cyclic and central in N and that Y acts trivially on N . Also, X ∼ = G/P , and thus X has an abelian normal r-complement, and so Y has an abelian normal rcomplement too. We saw that every linear character of N is fixed by some Sylow r-subgroup of G/P , and it follows that each such linear character is fixed by a Sylow r-subgroup of X, which, of course, is a Sylow r-subgroup of Y . Finally, we know that a linear character of N that is fixed by more than one Sylow r-subgroup of G/P is fixed by all of these subgroups, and it follows that a linear character of 
